In recent years, an extensive survey on various wave equations of relativistic quantum mechanics with different types of potential interactions has been a line of great interest. In this regime, special attention has been given to the Dirac equation because the spin-1/2 fermions represent the most frequent building blocks of the molecules and atoms. Motivated by the considerable interest in this equation and its relativistic symmetries (spin and pseudospin) in the presence of solvable potential model, we attempt to obtain the relativistic bound states solution of the Dirac equation with double ring-shaped Kratzer and oscillator potentials under the condition of spin and pseudospin symmetries. The solutions are reported for arbitrary quantum number in a compact form. the analytic bound state energy eigenvalues and the associated upper-and lower-spinor components of two Dirac particles have been found. Several typical numerical results of the relativistic eigenenergies have also been presented. We found that the existence or absence of the ring shaped potential potential has strong effects on the eigenstates of the Kratzer and oscillator particles with a wide band spectrum except for the pseudospin-oscillator particles where there exist a narrow band gap.
. This is to elucidate the experimental observation of the quasidegeneracy in single-nucleon doublets between normal parity orbitals (nℓ, j = ℓ + 1/2) and (n − 1, ℓ + 2, j = ℓ + 3/2), where n, ℓ and j denotes the radial, orbital, and total angular momentum quantum numbers, respectively.
The total angular momentum is j =l +s, wherel = ℓ + 1 is pseudo-angular momentum ands is pseudospin angular momentum [3, 4] Within the framework of Dirac theory, it has been used to form an effective nuclear shell model [1, 5] . It has also be used to explain different phenomena in nuclear structure, for example the deformation, super-deformation, identical bands, and magnetic moment [6] [7] [8] [9] [10] .The spin symmetry is relevant for mesons [11] . The spin symmetry occurs when ∆(r) = V (r)− S(r) =constant or the scalar potential S(r) is nearly equal to the vector potential V (r), i.e., S(r) ≈ V (r). On the other hand, the pseudospin symmetry occurs when Σ(r) = S(r) + V (r) = constant or S(r) ≈ −V (r) [12] [13] [14] .
In the recent years, there have been several worthy attempt in finding the solution of the Dirac equation with various potential under the condition of spin and pseudospin symmetry. The energy spectra and the corresponding two-component spinor wave functions of the Dirac equation for the Rosen-Morse potential with spin and pseudospin symmetry have been obtained by Oyewumi and Akoshile [14] . Falaye and Oyewumi [12] obtained the solutions of the Dirac equation with spin and pseudospin symmetry for the scalar and vector trigonometric scarf potential in arbitrary Ddimensions within the framework of an approximation scheme to the centrifugal barrier by using the Nikiforov-Uvarov method. Aydoǵdu et al., by using the Nikiforov-Uvarov (NU) method, investigated the pseudospin and spin symmetric solutions of the Dirac equation for the scalar and vector Hulthén potentials with the Yukawa-type tensor for an arbitrary spin-orbit coupling quantum number [15] .
Furthermore, some authors have investigated the spin symmetry and Pseudospin symmetry under the Dirac equation in the presence and absence of coulomb tensor interaction for some typical potentials such as the Harmonic oscillator potential [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , Coulomb potential [26, 27] , Woods-Saxon potential [28, 29] , Morse potential [30] [31] [32] [33] [34] [35] , Eckart potential [36, 37] , ring-shaped non-spherical harmonic oscillator [38] , Pöschl-Teller potential [39] [40] [41] [42] [43] , three parameter potential function as a diatomic molecule model [44] , Yukawa potential [45] [46] [47] [48] [49] , pseudoharmonic potential [50] , Davidson potential [51] , Mie-type potential [52] , Deng-Fan potential [53] , hyperbolic potential [54] and Tietz potential [55] .
Recently, Castro addressed the behavior of the Dirac equation with scalar (S), vector (V ) and tensor (U ) interactions under the γ 5 discrete chiral transformation. By using this transformation he obtained solutions for the Dirac equation with spin ∆ = V − S = 0 and pseudospin = V + S = 0 symmetries, which includes a tensor interaction [56] . Ikhdair solved the Dirac equation
with the screened Coulomb (Yukawa) potential for any arbitrary spin-orbit quantum number κ.
He found that a wide range of permissible values for the spin symmetry constant C s from the valence energy spectrum of particle and also for pseudospin symmetry constant C ps from the hole energy spectrum of antiparticle [57] .
The unbound solutions of generalized asymmetrical Hartmann potentials under the condition of the pseudospin symmetry have been presented by mapping the wave functions of bound states in the complex momentum plane via the continuation method [58] . Very recently, Guo explored the pseudospin symmetry by using the similarity renormalization group and shown explicitly the relativistic origin of the symmetry [59] . Chen and Guo [60] investigated the evolution of the spin and pseudospin symmetries from the relativistic to the nonrelativistic and explore the relativistic relevance of the symmetries.
Zhou et al. [61] used the relativistic mean field theory to investigate single anti-nucleon spectra. The spin symmetry in anti-nucleon spectra of a nucleus have been tested by investigating the relations between the Dirac wave functions of the spin doublets and examining these relations in realistic nuclei within the relativistic mean-field model [62] . From the Dirac equation, the mechanism behind the pseudospin symmetry was studied by Meng et al. [63, 64] and the pseudospin symmetry was shown to be connected with the competition between the centrifugal barrier and the pseudospin orbital potential, which is mainly decided by the derivative of the difference between the scalar and vector potentials.
Very recently, Song et al. [65] studied the effects of tensor coupling on the spin symmetry ofΛ spectra inΛ-nucleus systems with the relativistic mean-field theory. Shortly thereafter, Lu et al. [66] show that the conservation and the breaking of the pseudospin symmetry in resonant states and bound states share some similar properties. Furthermore in 2013, By examining the zeros of Jost functions corresponding to the small components of Dirac wave functions and phase shifts of continuum states, Lu et al. [66] also showed that the pseudospin symmetry in single particle resonant states in nuclei is conserved when the attractive scalar and repulsive vector potentials have the same magnitude but opposite sign [67] . Li et al. [68] proved that the spin-orbit interactions always play a role in favor of the pseudospin symmetry, and whether the pseudospin symmetry is improved or destroyed by the dynamical term relating the shape of the potential as well as the quantum numbers of the state.
A very recent work [59] filled the gap between the perturbation calculations and the supersymmetry descriptions by using the similarity renormalization group technique to transform the Dirac Hamiltonian into a diagonal form. Liang et al. explored the origin of pseudospin symmetry and its breaking mechanism by combining supersymmetry quantum mechanics, perturbation theory, and the similarity renormalization group method [69] . By following the lead of authors in ref [69] , Shen et al. [70] further discuss the spin-orbit effects on the pseudospin symmetry within the framework of supersymmetric quantum mechanics. By using the perturbation theory, the author demonstrate that the perturbative nature of PSS maintains when a substantial spin-orbit potential is included. Guo and co-researcher investigated the relativistic symmetry for an axially deformed nucleus by comparing the contributions of every term to the single particle energies and their correlations with the deformation to disclose the origin of the pseudospin symmetry and its breaking mechanism in deformed nuclei [71] .
It was shown recently in ref [72] , that the experimental information on the energies of the 95, [97] [98] [99] [100] [101] [102] . These potentials can be described as a three dimensional (3D) harmonic oscillators and Kratzer surrounded by a double ring shaped inverse square potential [79, 80] . In spherical coordinate, the potentials can be written as [79, 80, 81] .
where k denotes the elastic coefficient. a and b are positive real parameters. The surface plot of these two potentials have been presented in figure 1 2 Dirac equation in view of spin and pseudospin symmetry
The pseudospin symmetry has been successfully applied to explain different phenomena in nuclear structure since it was introduced in. On the other hand, spin symmetry is relevant for mesons.
In spherical coordinates, the Dirac equation for fermionic massive spin− 1 2 particles interacting with arbitrary scalar potential S(r), the time-component V (r) of a four-vector potential can be expressed as ( [14, 15, 59, 60] , and Refs. therein)
where E, p and M denote the relativistic energy of the system, the momentum operator and mass of the particle respectively. α and β are 4 × 4 Dirac matrices given bȳ
where I is the 2×2 unitary matrix and σ are the three-vector Pauli spin matrices. The eigenvalues of the spin-orbit coupling operator are κ = j + can be classified according to their angular momentum j, the spin-orbit quantum number κ and the radial quantum number n. Hence, they can be written as follows:
where f nκ ( r) and g nκ ( r) are the radial wave functions of the upper-and lower-spinor components respectively. Substitution of equation (4) into equation (2) yields the following coupled differential equations:
where ∆( r) = V ( r) − S( r) and ( r) = V ( r) + S( r) are the difference and sum potentials respectively. One can eliminate g nκ ( r) in equation (5a), with the aid of equation (5b), to obtain a second-order differential for the upper-spinor component as follows:
On the other hand, one can eliminate f nκ ( r) in equation (5b), to obtain a second-order differential equation for the lower-spinor component as follows :
Dirac equation for the radial plus Θ-dependent potentials (Pseudospin symmetry limit)
Now, we consider radial plus angular-dependent potential
Under the condition of the pseudospin symmetry limit
= 0 or ( r) = C ps , equation (7) becomes
where we have utilized the following relation [94] 
Now, in order to apply the technique of variable separable, we define [81] 
and then substitute it into equation (8) to obtain the following second-order differential equations as follows:
where we have introduced the following notations for mathematical simplicitỹ
where E nκ = M , i.e., only real negative energy states exist when C ps = 0(exact pseudospin symmetry). From the above equations, the energy eigenvalues depend on the quantum number n and κ (i.e., E nκ = E(n, κ(κ − 1))), and also the pseudo-orbital angular quantum numberl according to κ(κ − 1) =l(l + 1) which implies that j =l ± 1/2 are degenerate forl = 0. The quantum condition is obtained from the finiteness of the solution at infinity and at the origin
Dirac equation for the radial plus Θ-dependent potentials (Spin symmetry limit)
Again, we consider radial plus angular-dependent potential (
In this case, under the condition of the spin limit d∆( r) dr = 0 or ∆( r) = C s , equation (6) becomes:
Then we apply method of variable separable by defining [81] 
Then, the following second-order differential equations are obtained as follows:
where we have introduced the following notations for mathematical simplicity:
where E nκ = −M , i.e., only real positive energy states exist when C s = 0(exact spin symmetry).
κ(κ+1) = ℓ(ℓ+1), κ = ℓ for κ < 0 and κ = −(ℓ+1) for κ > 0. The spin symmetry energy depend on n and κ, i.e., E nκ = E(n, κ(κ + 1)). For ℓ = 0, the states with j = ℓ ± 1/2 are degenerate. m and ℓ are separation constants. The relation between κ and ℓ is given as
3 Pseudospin symmetry solutions of the double ring-shaped oscillator and Kratzer potential
Firstly, we investigate the pseudospin symmetry by considering equations (15a), (15b) and (15c).
With potential (1), the equations can be re-written as 
which provides the boundary condition. Equations (18a) and (18b) are radial and polar-angle equations which we shall solved in this section later. 
Equation (20) can be solved by using asymptotic iteration method by considering the boundary conditions first and then consider the asymptotic behavior of the radial wave function as r → 0 and r → ∞. Thus, the physically acceptable solution to the G(r) can be expressed as
On putting this wave function into equation (20), we obtain the following second-order homogeneous linear differential equation which is suitable to solve with the asymptotic iteration method
By comparing equation (22) with equation (A4) we can easily find λ 0 (r) and s 0 (r) values. Thus, with the help of recurrence relation (A4) and termination condition (A5), it is straightforward to obtain the following series:
By finding the nth term of the above series, and substitute for the values of parameter β, γ, ζ, we obtain an explicit expression for the relativistic energy equation as:
By following the procedure described by Appendix B, the radial wave function can be obtained as
where we have used the following limit expression of the hypergeometric function [85] :
and N n is the normalization constant. The solution of the angular part can be obtained by introducing a new transformation of the form x = sin 2 θ in equation (18b), so that we have
According to the Frebenius theorem, the singularity points of the above differential equation (27) play an important role in the form of the wave functions. The singular points here are at x = 0 (θ = 0) and at x = 1 (θ = π 2 ). As a result, we take the wave function of the form
With equation (28), equation (27) can be transformed into a more convenient equation that is suitable to apply the asymptotic iteration method
By comparing equation (29) with equation (A4), we can obtain λ 0 , s 0 and consequently, λ 1 , s 1 , λ 2 , s 2 ...... λ k , s k can be easily obtained. Thus using the termination condition given by appendix (A5), we obtain the following series
When the above expressions are generalized then substitute for η, p, β and γ, the eigenvalues equation turns to
where n ′ = 0, 1, 2, ....... The wave function can also be found as
where N n ′ m is the normalization constant. By replacingl + 1/2 in equation (24) by equation (31), we can find the relativistic rovibrational energy spectrum for a diatomic molecule system in the presence of a double ring-shaped Kratzer potential as
with
and the complete wave function as
where N nmn ′ is the normalization constant.
3.2 CASE 2, when V 2 (r) = kr 2 2
: Pseudospin symmetry solutions of the double ring-shaped oscillator potential
We begin by considering the radial part of the problem. we can now write equation (15a) as
In order to make equation (35) suitable to apply AIM, we introduce a new transformation of the form s = r 2 with which equation (35) reduces to
The above equation ( Therefore the reasonable wave function we proposed is as follows:
The solution of equation (36) can therefore be easily found by using asymptotic iteration method
and the wave function as
where N n is the normalization constant. By inserting ℓ + 1 2 given by equation (31) into equation (38) , the relativistic energy spectrum for a bound electron in the presence of a ring-shaped potential can be found as
and the complete wave functions as
where C n mn ′ is the normalization factor for the complete wavefunction.
Spin symmetry solutions of the double ring-shaped oscillator and Kratzer potential
Now let investigate the spin symmetry solutions of the problems by considering equations (15a), (15b) (15c) and potential equation (1) to have
where m 2 and ℓ(ℓ + 1) are separation constants. The solution of equation (42c) is also found as 
r 2 + 2γD e r e r F (r) = 0,
To avoid repetition in the solution of equations (43), a careful inspection for the relationship between set of parameters (β, γ) and the previous ones ( β, γ) enable us to know that positive energy solutions for spin symmetry can be obtain directly from the pseudospin symmetric solutions by using the following parameters mapping [81] : With the help of this transformation, we arrive at the following eigensolutions for the spin sym- and the corresponding eigenfunctions as
where
andN nmn ′ is the normalization constant.
CASE 2, when
: Spin symmetry solutions of the double ringshaped oscillator potential
Here we consider the radial part of the problem as
The angular part is still the same as equation (43) . Now by using transformation (44) we can find the following solutions:
and the corresponding complete wave functions as
whereC nmn ′ denotes the normalization constants.
Non-relativistic limits
Let us now study the nonrelativistic limit of our solutions by applying the following appropriate
2 and with C s = 0, the non relativistic rovibrational energy spectrum for diatomic molecules in the presence of double ring shape Kratzer potential is given as
which is found identical to equation (97) of Ref.
( [80] ). The wave function can be found as:
and P nmn ′ denotes the normalization constant. Also, by using the same transformation, we can find the non-relativistic energy spectrum for a bound electron in the presence of a ring-shaped potential as:
and the eigenfunctions as
whereH nmn ′ denotes the normalization constants. When a = b = 0 and 2n ′ + 1 2 = ℓ, the solutions reduce to that of harmonic oscillator combined with the centrifugal barrier, i.e., E nℓ = k µ 2n + 3 2 + ℓ (Example 7.3, equation (23) of ref [101] ). When ℓ = 0, the solution reduce to the one obtain recently in Ref. [95] 6 Determination of the Normalization Factor
In this section we determine the normalization constants for DRSK and DRSO wave functions.
Unlike the non-relativistic case, the normalization condition for the Dirac spinor combines the two individual normalization constants N n mn ′ ,N nmn ′ and C n mn ′ ,C nmn ′ in a single integral [103] . Thus, the complete wave functions can be normalized by using the relation ∞ 0 ΨΨ † dr = 1, which explicitly implies that, for DRSK and DRSO, the normalization constant can be calculated by using
Firstly, let us first obtain the normalization factor for DRSK. The upper and lower spinor components of the total wave functions can be expressed in terms of the Jacobi and Laguerre polynomials as follows:
where we have used the relation between the hypergeometric functions, the Legendre and the Jacobi polynomials of degree n in equations (57 and 58) (see Eq. (73) in [79] and Eq. (20) in
Also, the term (−1) 2n = 1. Now we by using equation (56), we can write
Now we transform equation (60) from function (r, θ) −→ (ξ, ̺) via the following coordinate transformation ξ = 2r − β 2 or ξ = 2r −β 2 and ̺ = 1 − 2 cos 2 θ. Thus, we can find
By using the symmetry relation P 
The normalization factor becomes 
The exact solution y n (x) can be expressed as [96, 97] y n (x) = (−1) n C 2 (N + 2) n (σ) n 2 F 1 (−n, ρ + n; σ; bx N +2 ),
where the following notations has been used 
